Abstract. Fibered automata can be described by their transition diagrams, certain edge-labelled digraphs. We describe digraphs that are unlabelled transition diagrams of fibered automata.
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Fibered automata DEFINITION 2.1. [7]
A fibered automaton is a two-sorted algebra (S, £7, /i, 8, e) (or briefly (S, E)) with a unary maternal operation 6: S-+S, a unary paternal operation and a binary operation |i:Sx£-tS;(s,e)Hs-e such that the operation fi and the parent map ( 
6,e) : S -> S x E;s H-> (s8, se)
are mutual inverses. The set S is called the state space of the automaton, and its elements are called states. The set E is called the event set of the automaton, and its elements are called elementary events. For a state s, the state sS is called its mother, and the event se its father.
Recall that an automaton is a triple (S,E,fi), where 5 is a state space, E is a set of elementary events, and fi: S x E S is a, transition function.
(We forget about final states here.) Such automata can also be considered as two-sorted algebras, with the sorts S and E and the binary operation /i.
We say that an automaton or a fibered automaton is non-empty, if both of its sorts are non-empty.
DEFINITION 2.2. A transition diagram of a non-empty automaton (S, E)
is a digraph on the vertex set S whose edges are labelled by the elementary events. For each s G S and e € E there is a directed edge s J^ se.
Each fibered automaton is obviously an automaton. Each automaton with an empty state space is a fibered automaton. However, in the case of a fibered automaton there is only one arrow to each state. This makes the algebraization above possible. All fibered automata form a variety. This variety is denoted by A and defined by the following identities: 
Digraphs
Let C n , for n € Z + , denote a directed cycle of length n, e.g. Let Coo denote an infinite directed chain C" Note that directed cycles and chains are 1,1-regular digraphs. DEFINITION 3.2. We call a digraph an n-ary tree if it is a weakly connected digraph without cycles, in which each vertex, except at most one called the root, has indegree 1. The root has indegree 0. Moreover each vertex has outdegree n or 0. Vertices with outdegree 0 are called leaves. We call an n-ary tree an unlimited tree if the tree has neither a root nor leaves.
Note that an unlimited n-ary tree is exactly a 1, n-regular tree. We will call an unlimited n-ary tree just an n-ary tree. Figure 3 we present part of a ternary tree Proof. Let (so, « i,..., s n _i, so) be a cycle of a 1, «-regular digraph. Assume that it is not a directed cycle. Then there exist edges from Sk-i to Sk and from Sk+1 to Sk for some k € {0,..., n -1}, a contradiction.
• Proof. Assume that we have two cycles in a component. By Lemma 3.6, these cycles are directed. First assume that there exist two cycles with the same vertex set and one of them has edges from Si to Sj+i for all i with 0 < i < n -1. As these cycles are not the same, it follows that there exist i and j with i ^ j and i j -1 such that in the second cycle there is an edge from Si to Sj. Hence the vertex sj has indegree at least two, a contradiction. We may assume that the sets of vertices of our cycles are not equal. Let s be a vertex of the first cycle, but not of the second. Let i be a vertex of the second cycle.
Suppose that a vertex v belongs to both cycles. Then by Lemma 3.7, there are directed paths from s and t to v. For each vertex of any cycle we have an edge to this vertex from another vertex of this cycle or, if the cycle has length 1, from the same vertex. Hence all vertices of a directed path to v must belong to both cycles. It follows that the vertices s, t belong to both cycles, a contradiction. Hence the two cycles are disjoint, and therefore any two cycles of the component are disjoint. Now assume that any two directed cycles of our component are disjoint. The component is weakly connected, hence there is an undirected path
Choose the least k with 0 < k < n such that Vk is a vertex of the cycle containing s, and Vk+\ is not a vertex of this cycle. Choose the greatest I, where k < I < n such that vi is a vertex of a cycle containing t, and is not a vertex of this cycle. There exist directed edges Vfcffc+i and If k + 1 = I, then v^+i is a vertex of the second cycle, and there exists an edge to this vertex from another vertex of this cycle or from the same vertex. It follows that Vk+i has indegree two, a contradiction. Hence k + 1 < I. Consider an undirected path (v^,... ,vi). Let i with k < i < I -lbe the greatest number such that there is a directed edge ViVi+1. Then Vi+i has indegree two, a contradiction again.
It follows that there is at most one cycle in each weakly connected component and it is a directed cycle.
• 
.3. [7] Let s and t be states of a fibered automaton (S, E). The following conditions are equivalent:
(a) 3n,m G N, s6 n = t5 m
. ('b) The vertices s and t are in one weakly connected component of the graph of(S,E).
Let (S, E) be a non-empty permutational fibered automaton. Let e € E be the unique elementary event. For s E S and n G Z + , define the mapping S~n as follows s6~n := se n . Proof. The cardinality of the set E is the outdegree of each vertex. Hence the digraph is 1,1-regular. If a weakly connected component contains a cycle, then by Proposition 3.8, it is a directed cycle, otherwise it is a directed chain.
COROLLARY 4.4. Let s and t be states of a permutational fibered automaton (S,E). The following conditions are equivalent: (a) 3n G Z, s6 n = t. (b) The vertices s and t are in one weakly connected component of the graph of(S,E).
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A. Mucka EXAMPLE 4.7. In Figure 6 we present the fibered automata with the graphs C2 and C\ as their graphs
Fig. 6.
EXAMPLE 4.8. In Figure 7 we present the fibered automaton with graph C 0 The algebra (S, E, /¿, <5, e) is a fibered automaton, and has the binary park with girth 1 as its graph. The fibered automaton (S, E, ¡JL, <5, E) computes the binary representation. See Figure 8 THEOREM 4.12.
Let (S,E) be a fibered automaton. Then (S,E) e VQ if and only if its graph is a disjoint union of directed cycles and directed chains.
Proof.
The set E has exactly one element. Hence by Theorem 4.5, all weakly connected components of its graph are directed cycles or directed chains. (<=) If the graph of (S, E) is a disjoint union of directed cycles and directed chains, then it is 1,1-regular. As all vertices have outdegree 1, it follows that the event set of this fibered automaton has 1 element. Hence (S, E) is a permutational fibered automaton.
• THEOREM 4.13.
Let (S,E) be a fibered automaton. Then (S,E) 6 ^ if and only if its graph is a disjoint union of directed cycles of length dividing n.
Proof. (=•) Let (S,E) e A G n . As A°n C V 0 , it follows by Theorem 4.12 that its graph is a disjoint union of directed cycles and directed chains. Assume that in the graph of (S, E) there is a directed cycle of length m and m\n. Hence s is a vertex of the directed cycle (s = s5 r , ..., s<5, s) of length r < m, a contradiction. Now assume that the graph of (S, E) has a directed chain as a weakly connected component. Let s be a vertex of this chain. As s6 n = s, it follows that is a cycle contained in this component, a contradiction.
(<=) Assume that the graph of (S, E) is a disjoint union of directed cycles of length dividing n. Let s be a vertex of a cycle of length k and ka = n for some a G Z + . Then s = s6 k = s6 ka = sS n .
Hence for all s € S, s5 n = s. The event set has exactly one element, hence the identity a = b is satisfied.
